This paper investigates the large-time behavior of strong solutions to the nonhomogeneous incompressible magnetohydrodynamic equations on a bounded domain in R 2 . Based on uniform estimates, we prove that the velocity, the magnetic field, and their derivatives converge to zero in L 2 norm as time goes to infinity without any additional assumption on the initial data and external force by a pure energy method.
Introduction
Magnetohydrodynamics (MHD) studies the theory of the macroscopic interaction of electrically conducting fluids with a magnetic field. MHD has a very broad range of applications, such as, the intensely heated and ionized fluids in an electromagnetic field in astrophysics, geophysics, high-speed aerodynamics, and plasma physics. In this paper, we are concerned with the nonhomogeneous incompressible MHD equations in a domain ⊂ R  as follows (see, where t ≥  is time and x ∈ is the spatial coordinate. The unknown functions are the density ρ(x, t) ≥ , velocity u = (u  (x, t), u  (x, t)) ∈ R  , the pressure P(x, t), and the magnetic field H = (H  (x, t), H  (x, t)) ∈ R  , respectively. f stands for the external force. The positive constants μ and ν denote the viscosity of fluid and the relative strengths of advection and diffusion of H, respectively. Throughout this paper, is assumed to be a bounded domain in R  with smooth boundary. Without loss of generality, we will take μ = ν =  for simplicity.
In this paper, we are interested in the initial-boundary value problem of (.)-(.) subject to the following initial conditions: (ρ, u, H)(x, ) = (ρ  , u  , H  )(x) and ρ ≤ ρ  ≤ρ for all x ∈ , (  .  ) and boundary conditions:
whereρ and ρ are two fixed positive constants. n is the unit outward normal to ∂ . System (.)-(.) has drawn many attentions of engineers and applied mathematicians due to its important physical background and mathematical feature. The Cauchy problem to (.)-(.) has been much studied in the literature, including the existence, uniqueness, and regularity of solutions of the system. Zhang [] established local classical solutions of (.)-(.) and proved that as the viscosity (μ) and resistivity (ν) went to zero, the solution of (.)-(.) converged to the solution of ideal MHD system (i.e. μ = ν = ). . Furthermore, some sufficient conditions for smoothness were presented for weak solutions to the MHD equations in [, ]. For Cauchy problem, the authors in [] studied the long time behavior of solutions to the MHD equations in two and three dimensions with some smallness conditions. In [] , the authors considered the asymptotic behavior of the strong solutions to MHD equations in a half space. We also notice that if the partial derivatives of the viscosity and resistivity are zero, the global regularity issue has been established in [] . However, the large-time asymptotic behavior of strong solutions to (.)-(.) has not been well understood, especially for the case with general initial data and external force. The main purpose of this paper is to investigate the influence of the magnetic fields, viscosity, and boundary effects on the behavior of the solution of (.)-(.). We show that the velocity, the magnetic field, and their derivatives will converge to zero as time tends to infinity. The main result of this paper is stated as follows. 
In particular, the following large-time behavior holds: Our second main result gives an exponential decay rate for the solution on taking the external force f = , which is stated as follows. 
where C  is a given positive constant independent of t.
Remark . Theorem . establishes exponential decay. Indeed, if we imposed some conditions on the external force f but would not take f = , we can also give an algebraic rate by performing energy estimates with weights in time.
We will prove Theorem . via the pure energy method, which is based on the uniform estimate for the local solution. This approach is motivated by the previous work on the nonhomogeneous incompressible Navier-Stokes equations due to Zhao [] . Due to the strong coupling between the velocity, magnetic field and density equations, the nonhomogeneous problem (.)-(.) under consideration is much more involved. It should be pointed out that the analysis for (.)-(.) is very complicated and more efforts should be made as regards the estimates involving these coupling terms and space-time-dependent external force.
Next, we give a brief outline of the proof. To obtain the large-time behavior, we must establish the uniform estimate. As for the uniform estimate, it is difficult to estimate the higher-order derivative of u and H due to the lack of the spatial derivatives of the solution at the boundary. So it is divided into two steps: first of all applying the standard energy estimate on the temporal derivatives of the solution, and then spatial derivatives by applying regularity theory of Stokes equation repeatedly. With all the estimates in hand, we can establish the global existence by a standard method. Finally, the proof of the large-time behavior is mainly based on the following fact: if
By combining these uniform estimates in Lemmas .-. and the fact above we prove the desired large-time behavior of the solution in Section . The rest of the paper is organized as follows. In Section , we state some well-known inequalities, and in Section  we deduce some uniform estimates and the time-dependent estimate of the higher-order derivative. Finally, we will complete the proof of Theorem . in Section .
Auxiliary lemmas
In this section, we state some inequalities which will be frequently used in this paper. First of all, we recall some Sobolev embedding inequalities (see [, ] ).
Lemma . The following inequalities hold:
Next, we state the following Sobolev embedding (see [, ] ), which will be used to deal with the estimate of H.
Some a priori estimates
The local existence has been established by Chen et al. [] . Hence, it only remains to establish some necessary a priori bounds for the strong solutions (ρ, u, H) to the initialboundary value problem (.)-(.). Let T >  be a fixed time and (ρ, u, H) be the strong solution to (.)-(.) defined on × (, T]. Throughout this paper, we will denote by C the various generic positive constants, which may depend on the initial data andρ, ρ, f, and but are independent of t. A special dependence will be pointed out explicitly in this paper if necessary.
Uniform estimate
First, by the method of characteristics and standard energy we have the following uniform estimates:
The next lemma is the crucial estimate in this paper. Higher-order estimates of the density, velocity and magnetic field can be obtained in a standard way provided that u H  and H H  are uniformly bounded with respect to time.
Lemma . Let (ρ, u, H) be a smooth solution of (.)-(.) on × (, ∞). Then there exists a constant C such that
Proof Multiplying (.) by u t and integrating by parts over , one obtains
Putting (.) and (.) together leads to
Next, we will estimate all the terms on the right-hand side of (.) term by term. Using the Young inequality and (.), we have
where we use the fact
due to (.), (.), and (.). Similarly, we have
Next, we turn to estimating ∇  u L  . From (.), we know that u satisfies the following Stokes equations:
By the well-known regularity theory on the Stokes equations (see [] ) and using (.), (.), and (.), we have
Substituting the above inequality into I  , we have
Similarly, for I  and I  , we have
Using the Young inequality immediately leads to
Taking ε small enough and substituting I  -I  into (.), one obtains
which, together with Gronwall's inequality, immediately leads to
We get the desired estimate (.) by (.) and (.).
The following lemma is concerned with the L  -estimate of ρ / u t and H t .
Lemma . Let (ρ, u, H) be a strong solution of (.)-(.) on × (, ∞). Then there exists a constant C such that
Proof Differentiating the momentum equations (.) with respect to t yields
Multiplying the equation above with u t and integrating by parts over , one gets
Differentiating (.) with respect to t and multiplying the resulting equation by H t , we obtain after integrating by parts
Putting (.) and (.) together leads to
We now estimate each term on the right-hand side of (.). First, using the Hölder and Young inequalities, we obtain
where (.), (.), and (.) are all used. The estimate of R  is given as follows:
Using (.) and (.), we can make the reduction
From the estimate of J  -J  , we obtain
For R  -R  , we have
It is easy to prove that R  = . Taking ε small enough and substituting R  -R  into (.), one obtains
which, together with Gronwall's inequality and (.), immediately leads to the desired estimate (.).
Time-dependent estimate for higher derivative
It suffices to prove the large-time behavior with the help of the uniform estimates in Lemmas . and .. Lemma . below deals with the higher-order estimates of the solutions which are needed to guarantee the extension of a local classical solution to a global one.
Lemma . Let (ρ, u, H) be a strong solution of (.)-(.) on × (, T). Then there exists a constant C(T) such that
Proof The proof of this lemma is standard; details are omitted.
Proof of Theorems 1.1 and 1.2
With all the a priori estimates in Section  at hand, the existence and uniqueness of the strong solutions to (.)-(.) can be done by standard continuous arguments. Thus, this section is mainly devoted to the proof of the large-time behavior as (.)-(.) by the uniform estimates in Section . The proof is split into three steps as follows.
Proof of Theorem .
Step : Decay of u and H. Set
From Lemmas .-. and the energy inequality, we have
Next, we need to prove that integration by parts over , we have
For A  (t), we have by (.) and the lemmas in Section 
where we use the following estimate:
due to (.), (.), and (.). Similarly, for B  (t) we have
Step : Decay of ∇u L  and ∇H L  . Set 
Step : Decay of u t L  and H t L  . Set 
Therefore, A  (t), B  (t) ∈ W , (, ∞), which, together with ρ > ρ, leads to
This completes the proof of Theorem ..
Proof of Theorem . Indeed, for the case f = , all the estimates in Section  are still valid. Thus, the existence and uniqueness follow the same method. Here, we address the decay rate. First, the continuity equation (.) and the fact div u =  lead to, for all p ∈ [, ∞],
Particularly, one has
Multiplying (.) and (.) by u and H, respectively, then adding the two resulting equations, one has after integrating by parts over
Because of the boundary condition u| ∂ =  and H· n| ∂ = , using the Poincaré inequality, (.), and (.), we have
From (.), (.), and (.), it is easy to prove that there exists a θ  >  such that
which immediately implies
Notice that ρ is bounded from below, and the decay rate estimate (.) is established. Thus, Theorem . is completed.
